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ABSTRACT

We show that the set of continuous nowhere differentiable functions, the
set of Dirichlet series which are bounded in the right half-plane and di-
verge everywhere on the imaginary axis, and the set of continuous inter-
polating functions contain big algebras.

1. Introduction

Many examples of functions verifying some pathological properties have ap-
peared in analysis: continuous nowhere differentiable functions, universal func-
tions, etc. In many situations, pathology is the rule: an application of Baire’s
Theorem shows that in a suitable topological space, all elements of a dense
Gs-set share this pathological behavior.

In the last few years, it has been observed that these sets of pathological
functions are large in an algebraic sense: they contain a linear subspace (of
large dimension), which is sometimes dense or closed, except, of course, for the
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zero function: see for instance [2], [5], [6], [9], [10], [12], [13], [15], [19], and [1]
for a first survey.

The next step is to study if these sets can contain an algebra. This has been
done in [4] for the set of everywhere surjective functions on C and in [3] for the
set of non-convergent Fourier series. In the first case, an algebra is constructed
using rings of polynomials. In the second, it is produced by a clever construction
using series. This type of construction has already been used to obtain subspaces
(see [5] for instance). Of course, getting an algebra is more difficult, and the
proof of [3] is very technical.

In this paper, we give three more examples for the existence of an algebra.
We begin with the set of continuous nowhere differentiable functions. Our proof
is explicit and uses nowhere Holder functions with control. Next, we study the
set of Dirichlet series which are bounded in the right half-plane and diverge
everywhere on the imaginary axis. This example is in some sense relatively close
to that given in [3]. However, our method is completely different, and it is very
surprising: we use topological arguments (namely Baire’s Theorem) to produce
an algebra! Our last example concerns continuous interpolating functions. It
answers a question suggested to the second author by Y. Benyamini.

2. Continuous nowhere differentiable functions

The algebraic structure of the set of continuous nowhere differentiable functions
has attracted the attention of many mathematicians (see [9], [12], [15], [18] or
[19], for instance). In particular, it is now well-known that the set of continuous
nowhere differentiable functions on [0, 1] contains a closed subspace and a dense
subspace of C([0,1]), which are both infinitely generated. We solve here the
question of the existence of an algebra. In fact, our result is even better since
the forthcoming theorem addresses the question of nowhere Holder functions.

THEOREM 1: The set of continuous functions on [0, 1] which are nowhere Holder
contains a non-trivial algebra (except for the zero-function).

Proof: The proof follows almost immediately from the existence of a single
continuous nowhere Holder function on [0, 1]. Indeed, let u be such a function.
We claim that any non-zero function f which belongs to the algebra A(u) gen-
erated by u is nowhere differentiable. We write f = Aju + --- + A\ u'™ with
Am # 0. Fix x € [0,1], and for y € [0,1],y # z, denote by A(y) the difference
f(y) — f(z). Using Taylor’s formula for polynomials, we get:

A(y) = (uly) = u(@)* (A + P(x,y)),
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where A # 0 and P(z,z) = 0. It suffices to use that u is nowhere a/k-Holder
(with a > 0) to conclude that f cannot be a—Hélder at a. |

Remark 2: For several topological notions of the size of sets (categories, poros-
ity, Haar null sets), the set of nowhere Holder functions is big in C([0,1]) (see
[18]). Thus, for “many” continuous functions u, the algebra generated by u
consists of nowhere Holder functions.

Observe that the algebra exhibited in the previous proof is generated (as an
algebra) by a single function. We are able to improve this statement.

THEOREM 3: The set of continuous nowhere Hélder functions on [0, 1] contains
a dense algebra, with infinitely many algebraically independent generators.

Proof: First of all, we need to construct a sequence of nowhere Holder functions,
with control. Let us introduce some notation.

e For two sequences of real numbers (a,) and (b,), a, > b, means that
an /by, goes to infinity as n goes to infinity.

o If 3= (04,...,0,) and v = (71,...,7r) are two r-tuples in Nj; = (N\{0})",
we say that 0 > ~ if there exists 1 < m < r with 8, = v, ..., Bmt1 =
Ym+1 and B, < Y (namely, we order r-tuples of indices in the reverse
lexicographical order).

LEMMA 4: There exists a sequence (ug)r>1 of elements of C([0,1]) satisfying

the following property: given r > 1 distinct integers 1 < i1 < --- < i,, given

x € [0, 1], there exists a sequence of real numbers (h,) converging to 0, where
(a) For any § € Nj and any a > 0,

i, (2 + hp) = w, (@)% Jug, (2 + ha) —u, (2)]77 oo
he o

(b) For any 3 € Nj and any j ¢ {i1,...,ir},

iy (2 + ha) = wgy ()7 Jug, (@4 B) = wa, ()] Juj (24 ha) — uy(2))].

(c) For any 8,7 € N}, with 8 > ~,
iy (4 h) = g, ()7 g, (@ + h) — s, ()]

> Juiy (€ + ) = iy (@) - Jui (2 4 hn) = wg, ()7

Proof of Lemma 4: Let u be the Van der Waerden’s function, u(z) = x for
x €[0,1/2], u(x) =1 —x for z € [1/2,1] and u(z + 1) = u(x). We define uy by
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setting
—+oo

1
> Tgmru(10” ),

m=0

ug(zx) :

where py is the k-th prime number. Pick now any x € [0, 1], 1et 1 < <ig <

Pu

- < i, and let n > 1. To simplify notation, pj will stand for 2 , whereas

Ug,m Will denote the function y — u(lO(pkm)' ). Clearly, there exists e, = £1
such that, setting h,, := &,,/10Pi1PirPn)'+1 then 2 + h,, € [0,1] and
lu(10®iaPirP) (2 4 b)) — w(10PiPirPr)iy)| = 1/10.

Let us estimate wu; (z + hn) — u;, (v). Observe that wuy,, is 1/10@Psm)*
periodic, and 10P*")'_Lipschitz. Hence, as soon as m > pgkpn, the difference
Uiy, m (T + hp) — wiy, m () is equal to zero. In particular, one has

1
i 0 Pn) = 0, 0)] 2 s g 0 ) = 1 )
ik
i Pn—1
- Z |uik77”($ + hn) — Uik,7n($)|
m=0
1 e 5 10Pi1 - PipPn—1)!
T o@ipe) L PirPr X 0 pi )

The same computation gives also an upper estimate, and we finally obtain the
existence of a constant C}), such that

Ck

Wiy, (x + hn) = Uiy, (.Z') ~ W

In particular, given 8 € Njj, one has

Cp
0P Wl ) B (B, P

(uil (x+h7t)_ui1 (x))ﬁl T (Uir ($+hn)_uir (x))m ~

This gives (a) and (c) of the lemma. It remains to prove (b), and, in particular,
to estimate uj(x+hy,) —u;(z), provided j # ix. As previously, using periodicity,
the sum is finite:

[p]pn]
|uj($+h")_u] |< Z |Ujml‘+h ) uj’r)’b( )l

The key argument here is the fact that p}pn is not an integer, which, in partic-
ular, implies p;[p’pn| < pi, -+ pi.pn — 1. This gives the inequality

L0Psaperpe DY py - i, pa
10 Perpn)t = 103 (Piy - Pirpa)!’

luj (@ + hn) —wj(z)| < piy - Pi,Pn X
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which in turn shows immediately that (b) holds. |

Observe now that if (uy) is a sequence of functions satisfying the conclusions
of Lemma 4, if (gx) is any sequence of polynomials, and if (dx) is any sequence
of positive numbers, then the sequence (g + dxur) keeps on satisfying the same
conclusions. Hence, we may assume that (uy) is dense in C([0, 1]), and consider
A the (dense) algebra generated by the uy’s. Pick f € A\{0}, f may be written
as f = Q(u1, ..., un) where Q is a non-zero polynomial. Using Taylor’s formula,
for a given x € [0, 1] and for any y € [0, 1], we may write

Fly) = fl@) =Y aa(u(y) —wa (@)™ - (ualy) — wal@)™,

AEA

where A C N is finite and ay # 0. Let us set
r:=min{card{i: \; Z0}: A € A} >0,

and let A’ := {\ € A: card{i: \; # 0} = r}. In A/, we choose the element \°
which is maximal for the reverse lexicographical order of d—tuples. Thus, we
may decompose A(y) into

Aly) =axo(u (y) — ur (@)™ - (ua(y) — ua(@))™e
+ Y an(uly) —w @) - (waly) — walz)

AEAN\{AO}
+ Z ax(ui(y) —ui(z )))\1 ~~~(ud(y)—ud(z)))‘d
AEA\A
=A1(y) + Aa(y) + As(y).

Rewrite now Aj(y) as ayo(us, (y) — wi, ()% -+ (ui, (y) — u;, ()P, where the
B:’s are non-zero, and the sequence (i) is increasing. Lemma 4 gives a sequence
(hn) associated to i1,...,4.. Then, by (b), Ay(x + hy) > Az(z + hy), and by
(b) and (c), A1(z + hy) > Az(x + hy). On the other hand, (a) shows that for
any o > 0, limy oo |A1(x + hy)/hS| = +00. Thus, f is not a—Hoélder at .

Finally, it remains to prove that we cannot extract from the sequence (uy)
a finite system of generators (u;,,...,u;.). Suppose that the contrary holds,
let i ¢ {j1,...,4r}, and = € [0,1]. Using the sequence (h,) given by Lemma 4
for this single 4, and using (b), it is easy to check that u; cannot belong to the
algebra generated by uj,,...,u;,. |
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3. Divergent Dirichlet series

Let H* be the set of analytic functions defined on the half-plane C; := {s € C:
R(s) > 0}, which are bounded on C; and which can be represented by a Dirich-
let series f(s) = >, ark™® convergent in some half-plane. H> is a Banach
space if it is endowed with the sup-norm, and classical results about the abscissa
of convergence of products of Dirichlet series ensure that H is an algebra.

If f € H* can be represented by a Dirichlet series f(s) =), axk™® con-
vergent in some half-plane, a theorem of Bohr ensures that this series converges
in fact in C;. Thus a natural question, first asked by Hedenmalm in [14],
arises: what can be said about the convergence on the boundary iR? The an-
swer, which might be surprising if we compare it with the classical Theorem
of Carleson on Fourier series, was given in [7]: there exists a Dirichlet series
f(s) =X 4o ack™ € H™ such that Y apk® diverges for any ¢ € R.

The alge%raic structure of the set of such series has been investigated in [5]
and in [6]. In particular, it contains a closed infinite-dimensional subspace of
H*°. Our aim here is to prove the following theorem.

THEOREM 5: The set of Dirichlet series, which are bounded in the right half-
plane and diverge everywhere on the imaginary axis, contains a non-trivial al-
gebra (except for the zero-function).

Before we proceed with the proof of this theorem, let us review some results
and notation on Dirichlet series. For a Dirichlet series f = Z;;"; ark™*, we will
denote by S, (f,s) its partial sum >_;'_; axk™*. For notational convenience, if
s = it belongs to iR, we will write S, (f,¢) instead of S, (f,it). A Dirichlet
polynomial P = Zszl ark™* is a Dirichlet series whose sum is finite. Its de-
gree deg(P) is given by sup{k;ar # 0}, and its valuation val(P) is defined by
inf{k;ar # 0}. Obviously, deg(PQ) = deg(P)deg(Q), and the same formula
holds true for the valuation.

To construct a subspace or an algebra of (everywhere) divergent Dirichlet
(Fourier) series, we need a basic lemma, which is generally obtained for the
construction of a single example. In our context, the following result which
comes from [7] will be sufficient:

LEMMA 6: Given any a > 0 and any M > 0, there exists a Dirichlet polynomial
Q= ZZ:‘; arpk™* and an integer K such that | Q| - < 1 and

K
Z ag kit

k=1

> M, foranyt € [—a,a].
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If we replace @ by 27°Q), the conclusion remains true. Hence, we may assume
that val(Q)) > 2. Finally, let C be the closure in H> of the set of Dirichlet
polynomials (recall that H is not separable). Obviously, C is a Baire space.
We are now ready for the proof.

Proof of Theorem 5: Form>1,a€C™ and f€ C, weset fo:=aq f+ - -+amf™.
We introduce, for u > 1, s > 1 and m > 1, the sets

D(u,s,m) :={f € C:Va := (aq,...,0p) € C" with
sup |a;| < s and |ag,| > 1/s,
there exist p,q € N such that
|Sp(fast) = Sq(fast)| > u for any ¢ € [—u,u]}

We will be concerned with

D:= ﬂ ﬂ ﬂ D(u, s,m).

u>1s>1m>1

We claim that if f belongs to D, the algebra A(f) generated by f solves the
problem. Indeed, pick any g € A(f)\{0}, which may be written as f, for
certain m > 1 and o € C™, with a,, # 0. We choose s with |a,,| > 1/s and
sup |o;| < s. Since f belongs to D and, in particular, to (,s; D(u, s, m), for
any ¢t € R and any w > 1 there exist p,q with |S,(g,t) — Sq(g,t)| > u. This
proves the divergence of (Sn (g, t))n>1.

Hence, we are reduced to prove that D is not empty. This will be done via
Baire’s Category Theorem and the two following facts:

Fact 1: For any u, s, m, D(u, s, m) is open.

Taking the complement, this follows easily from the compactness of
{(a1,...,m) € C": sup|a;| < s and |, | > 1/s}

and from the continuity of S,(fa,.) in f and c.
FacT 2:  For any u, s, m, D(u, s, m) is dense.

Let us fix a Dirichlet polynomial P and € > 0. We write the Taylor series
of (L+2)V/™ as 1+ 3% Bal. Let C := 1+ 35 |B](2)!. Lemma 6 gives a
Dirichlet polynomial @ and an integer K with val(Q) > 2, | Q| - < 1/2 and

K
kit
g ag
k=2

C\m
>(€> x s xu foranyt € [—u,ul.
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Observe that, for any L > 1, there exist complex numbers (y;);>r+1 such that:

L m mL
<1+Zﬂzzl> =1+z+ Z it
=1

l=L+1

In particular, since val(Q)) > 2, we may choose L > 1 such that

L m
(1+Z@Ql) —14Q+R,
=1

with val(R) > deg(Q). We then fix n > max(deg(P), deg(R)) and we set
- L
_ —s l _ —s
f=P+zn <1+l§lﬁlQ>P+n T.

Observe that | f—P| « < . Therefore, f is close enough to P, and it remains to
prove that it belongs to D(u, s,m). Let us define p = 2n™ and ¢ = n™ x K. For
j < m, a straightforward computation shows that deg(f?) < n? x deg(T”) < p.
In particular, S,(f7,t) — Sy(f7,t) = 0. On the other hand, one has

m—1

= PR T (2) @)+ () )R,
k=0

val>q
deg<p

Putting this together, one gets, for any t € [—u, u],

1Sp(far t) = Sq(fa,t)] = lam|(e/C)"[Sk(Q, 1) — S1(Q, )] > .

This achieves the proof of Theorem 5. |

Remark 7: This method is not specific to Dirichlet series. A suitable adapta-
tion gives the following result: given a subset F of T of measure 0, there exists
a function f € C(T) such that, for any g € A(f)\{0}, the Fourier series of g
diverges on E. In particular, we replace Lemma 6 by the polynomials which
appear in the Kahane-Katznelson proof that every such a set is a set of diver-
gence for some Fourier series (see [16] or [17]). This contains partly the result of
[3], where it is proven in addition that we may construct an infinitely generated
and dense algebra. However, we have obtained a new information. For quasi-all
functions f in C(T), the algebra A(f) consists of functions whose Fourier series
diverges on F.
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Remark 8: As mentioned in the introduction, Baire’s Theorem is often used
to exhibit queer functions. This seems to be the first use of it to produce an
algebra, or even a subspace, of such functions.

4. Continuous interpolating functions

Benyamini [8] proved that there is a real-valued continuous function f on R
which interpolates every bounded sequence (i.e. for each bounded sequence
{Yn}nen there is a point ¢ € R such that f(¢t +n) = y, for all n € N). His
proof uses Alexandroff-Hausdorff theorem that every compact metric space is
a continuous image of the Cantor set. Using the terminology introduced by
Gurariy in the late eighties (and then used in [2], [10] and [13]), we first prove
here that the set of real-valued continuous interpolating functions is lineable:
this set contains a linear subspace (except for the zero function) of the largest
possible dimension, 2. The following proof is based on the original idea of

Benyamini.

THEOREM 9: The set of real-valued continuous functions on R which interpolate
every bounded sequence contains a linear subspace (except for the zero function)

of dimension 2%,

Proof:  Let A be the triadic Cantor set, K be the compact metrizable set
[I.en[—n;n] (endowed with the product topology), ¢: A — K be a continuous
and surjective function (given by Alexandroff-Hausdorff theorem) and ¢,, :=
Pn 0 ¢: A — [—n,n] (where p, is the continuous projection from K to [—n,n]).

For k € N\ {0}, let us put Uy, :=]1/(k+1),1/k[ and let Ay C Uy be a Cantor
set, identified with A through the homeomorphism I, : Ay — A. Using Tietze
Extension Theorem, we construct continuous functions ¢g: R — R such that:

(i) ¢k = dn(Ix(x —n))/k for x € A +n.

(i) or(z):=0if z & U,cn(Ur +n).

(iii) |ex(z)| < n/k on the interval [n — 1,n].

Using a result of Sierpinski (see [11] for example), let {Ny} be a family of
2% almost disjoint infinite subsets of N (i.e. N, N Nj is finite whenever a # 3)
and let us put g =, N, k- Since the functions ¢y have disjoint supports,
these functions ¢, are well-defined and linearly independent. They are also
continuous on R. Let us prove that every (non-zero) finite linear combination
f = Zae 1 Gafpe interpolates every bounded sequence of real numbers. Let us
fix @ € I with ay # 0. The almost disjointness of the N, ’s implies that there is
k € No\U,xper Np and then f = aapr on U, en(Ak+n). Let y = {y;}ien be a
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bounded sequence. There exists ig € N such that, for every i € N, |k/aqy:| < io.
Let us define the sequence z = {z; }ien by:

= Jkaa)yin i >,
o otherwise.

This sequence z belongs to K. So, there exists sg € A such that ¢(sg) = z. Let
us define to := I, *(so) + 0 € U, en(Ak +n). We have, for all n € N:
n—+io \S (42"
f(tO +n) = aa‘Pk(tO +n)= aa¢+70(0) = ?Zn-i-io = Yn,

which proves that f interpolates the sequence y. |

The question of existence of algebras of continuous interpolating functions
clearly imposes working with complex-valued functions. As in [4], we construct
“big” algebras using rings of polynomials in complex variables. Let us first
observe that:

LEMMA 10: If P € C[X] is a non-constant polynomial and f is a complex-
valued continuous function on R which interpolates every bounded sequence of
complex numbers, then P(f) also satisfies this property.

Proof: Let f: R — C be a complex-valued continuous interpolating function,
P € C[X] be a non-constant polynomial (of degree n > 1), y = {yr}ren be a
bounded sequence of complex numbers, and let us prove that P(f) interpolates
this sequence. For all k € N, let us consider z; € C a solution of P(z) = y.
The sequence {zj }ren is bounded. Since f is interpolating, there exists ¢ € R
such that, for all k € N, f(t + k) = z. Then, for all k € N, P(f)(¢t + k) = s,
which proves that P(f) is interpolating. |

This implies that if f is a complex-valued continuous interpolating function,
then the non-trivial algebra A({f}) is contained (except for the zero function)
in the set of all complex-valued continuous interpolating functions. This algebra
is infinite dimensional as a vector space (since {f": n € N\ {0}} is a countable
family of linearly independent functions) but it is generated (as an algebra) by
the single function f. In order to prove that this set contains an algebra with
infinitely many algebraically independent generators, since all the subalgebras
of C[X] are finitely generated, we have to work with polynomials in several
variables. We will use the fact that the ring C[X,Y] of polynomials in two
complex variables contains a subalgebra A whose minimal system of generators
is S = {zy™: n € N}
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THEOREM 11: The set of complex-valued continuous functions on R which in-
terpolate every bounded sequence contains an algebra with infinitely many al-
gebraically independent generators.

Proof: Let A be the triadic Cantor set, K =[],y Bc(0;n), ¢: A — K be a
continuous and surjective function and ¢, := p, o ¢: A — Be(0;n).

Let us define the set N := {k € N : k = 2k13%2: k) ko € N}. With ¢y, as in
the proof of Theorem 9 (but now with the complex version of ¢), let us take:

fl = Z (Sok)kla

keN

f2i=Y (on)*.

keN

Let P € C[z, y] be a non-constant polynomial. As pointed out in [4], there exists
mq, mz € N such that the polynomial Q(z) := P(2™*, 22) is non-constant. Let
m = 2"13™2, Then,

P(f1, f2) = P(ept o) = Q(om)  on | J (A +n).
neN
Since ¢, interpolates every bounded sequence of complex numbers, by
Lemma 10, P(f1, f2) is also interpolating. To conclude the proof, we consider
the subalgebra {P(f1, f2): P € A}, which is infinite dimensional as a vector
space and infinitely generated as an algebra. |
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